We theoretically and numerically investigate Stimulated Brillouin Scattering generated mode conversion in high-contrast suspended silicon nanophotonic waveguides. We predict significantly enhanced mode conversion when the linked effects of radiation pressure and motion of the waveguide boundaries are taken into account. The mode conversion is more than 10 times larger than would be predicted if the effect of radiation pressure is not taken into account: we find a waveguide length of 740 μm is required for 20dB of mode conversion, assuming a total pump power of 1W. This is sufficient to bring the effect into the realm of chip-scale photonic waveguides. We explore the interaction between the different types of acoustic modes that can exist within these waveguides, and show how the presence of these modes leads to enhanced conversion between the different possible optical modes. as band-rejection filters," J. Lightw. Tech. 14, 58-65 (1996). 27. P. T. Rakich, C. Reinke, R. Camacho, P. Davids, and Z. Wang, "Giant enhancement of stimulated Brillouin scattering in the subwavelength limit," Phys. Rev. X 2, 011008 (2012). 28. K. David, "Photoelastic tensor of silicon and the volume dependence of the average gap," Phys. Rev. Lett. 32, 1196Lett. 32, -1199Lett. 32, (1974 
Introduction
Stimulated Brillouin Scattering (SBS) is a strong nonlinear interaction between the electromagnetic and mechanical waves in an optical waveguide [1] . In the past decade SBS has been demonstrated in a number of different applications in photonics, such as signal processing [2, 3] , slow [4] and stored light [5] , Brillouin lasers [6] , microwave photonics [7] and frequency comb generation [3, 8, 9 ]. An interesting and potentially important use for the SBS interaction is to drive transitions between modes in multimode waveguides [10] . Although mode conversion using gratings or other structures such as Mach-Zehnder interferometers [11] is well-established, SBS-based mode conversion is non-reciprocal, in the sense that the effect is induced in the direction co-propagating with a pump beam but not in the counter-propagating direction [12] . This makes SBS-based mode conversion important for optical applications such as optical isolation [10, 13, 14] . SBS-based mode converters may be also simpler to fabricate and more flexible in application than non-reciprocal structures that use Faraday rotation from embedded magnetooptic elements [15] [16] [17] . For practical applications, the SBS interaction is usually thought to require very long waveguide lengths, because of the low SBS gain that is characteristic of the low-index-contrast fibres commonly used in photonics. Recently however, two new approaches have been suggested for achieving high SBS gain, potentially enabling SBS-based mode-conversion in the very short waveguides that occur on optical chips. The first involves the use of materials that possess a high refractive index n (SBS gain scales as n 8 ), while simultaneously confining the acoustic mode in order to achieve good overlap with the optical field. This strategy has been demonstrated in a number of recent experiments [18] . The second approach is to make use of the effect of radiation pressure, which is dramatically enhanced for high-contrast waveguides with small cross-sections [19] [20] [21] . The acoustic modes in SBS are generated by optical forces arising from the pump, and for small waveguides the forces arising from radiation pressure at the waveguide boundary can be at least as large as the forces from electrostriction throughout the waveguide. These two effects can also reinforce, leading to large SBS gain. Recent experiments have demonstrated forward SBS scattering in silicon, which has a very small electrostrictive constant [21] .
Earlier studies have also demonstrated mode conversion in nanophotonic devices, either using magneto-optical activity [15] [16] [17] or time-dependent modulation of the material properties [22, 23] . SBS-based mode conversion has also been studied in photonic crystal fibers [12, 13] . It is important to note however that the proposed SBS-based devices require long lengths (15 m) of waveguide for conversion to occur, and that the use of a single pump in the configuration limited the bandwidth of the device to that of the SBS linewidth. In addition, the dominant driving mechanism in these fiber devices was electrostriction/photoelasticity: the effects of radiation pressure/boundary motion were able to be neglected. An investigation that takes into account both electrostriction and radiation pressure, using a broadband configuration in which the pumps induce the acoustic wave that drives the mode transition [10] , is necessary for the successful implementation of these devices in silicon and other high index-contrast platforms.
In this paper, we theoretically and numerically investigate SBS-based mode conversion for small, high contrast, suspended crystalline silicon waveguides, considering both radiation pressure and electrostriction. We find significant enhancement of SBS-based mode conversion in these waveguides when radiation pressure is taken into account. This enhancement is driven by two phenomena. Firstly, radiation pressure leads to enhanced SBS gain, as has been shown theoretically in [24] . Secondly, radiation pressure is inextricably linked with scattering from the motion of the waveguide boundaries [25] . This scattering takes place in addition to the photoelastic effect normally associated with SBS, and can in principle produce stronger acoustic vibrations along the waveguide, which scatter light from one mode to another in the manner of a long-period grating [26] . A central aim of this work is to extend previous work on SBS gain enhancement [24, 27] , by investigating the main effects of these additional processes on mode conversion. We also explore the effect of waveguide geometry on the mode conversion process. We find that there exist classes of mode conversion-for example, between differently-polarized optical modes-that do not appear in the conventional scalar SBS theory. Fig. 1 . a) Schematic of mode conversion operation. Two differently polarized fundamental modes are pumped into a suspended high contrast waveguide to excite a guided acoustic mode. The acoustic mode creates a temporary traveling grating which drives conversion from the signal in the x-polarized fundamental mode at ω 3 to a y-polarized fundamental mode at frequency ω 4 . b) A simplified dispersion diagram illustrating the photonic conversion process with respect to optical and acoustic modes. The black dot indicates the acoustic mode at frequency Ω = ω (2) − ω (1) which is able to phase match between the two optical modes, so having propagation constant q = β (2) − β (1) . An optical signal which is traveling in counterpropagating direction does not satisfy the phase matching condition.
These interactions involve hybrid acoustic modes, such as quasi-flexural and quasi-torsional modes, which become important in small suspended waveguides and which induce waveguide boundary motions that scatter the optical field strongly. We examine the classes of acoustic modes that lead to mode conversion between the different classes of optical modes, and investigate how the mode conversion depends on the presence or absence of the radiation pressure (and concomitant boundary motion) effect. Finally, we explore the parameter space for high index-contrast waveguides, and explain the underlying physics of the mode conversion process in these waveguides.
Principle of operation and theory
In the following we consider interaction between modes in a suspended rectangular waveguide. The principle for achieving mode conversion via SBS is as follows [10] : two CW optical pumps at frequencies ω (1) and ω (2) are launched into a waveguide in such a way that they excite two different optical modes -these can be two modes of differing polarization, or, depending on the size of the waveguide, they can be the fundamental and a higher order mode. The interaction between these two pumps generates an acoustic field in the system at the beat frequency Ω = ω (2) − ω (1) with propagation constant q = β (2) − β (1) via contributions from electrostriction and radiation pressure [19, 27] . These conditions arise from the necessary con-servation of energy and momentum when a pump photon is converted into a Stokes photon and a phonon (see Fig. 1(b) ). If the pair (q, Ω) lies on an acoustic dispersion curve then the acoustic mode may be resonantly excited by the optical modes subject to appropriate symmetry conditions [24] . Consequently, the acoustic mode induces a traveling grating, both via the density fluctuations in the acoustic mode, as well as via direct motion of the waveguide boundaries. This grating drives transitions between the same two optical modes as the pump, but over a wide wavelength range: a signal having the same mode as pump 1 at frequency ω (3) will interact with the traveling photo-elastic grating to form a second signal with frequency ω (4) = ω (3) + Ω and mode character the same as pump 2. This process is illustrated in Fig. 1(a) : here two differently polarized fundamental modes interact to drive mode conversion. Figure 1 (b) depicts the phase matching that is necessary for this process to occur. In this investigation we assume that it is possible to couple only two optical modes, and so only four waves take part in the interaction. In principle it is possible to generate higher-order SBS lines at different frequencies, particularly when the acoustic wavenumber is small [3] . We neglect such higher-order effects here.
The mode conversion process depends on the interaction between optical and acoustic fields over the length of the waveguide. This interaction can be modeled using coupled-mode theory. A number of such descriptions exist. We follow the approach of our recent formulation in [25] . We consider four optical fields, consisting of two pumps and two signals, and a single acoustic field. Each optical mode has a transverse electric field E ( j) , that can be written as
where e (i) (x, y) is the transverse profile of the i th mode, a (i) (z,t) is its slowly varying mode amplitude and the index i ∈ {1, 2, 3, 4} labels the individual optical modes. For simplicity, we assume that the field distributions of the pump and signal waves in the same modes are identical:
As the typical frequency separation might be only a few THz, this is normally a very good approximation. Analogously, the acoustic wave that is the result of the interaction between the two optical pumps can be written as
where b(z,t) is the acoustic mode amplitude and u(x, y) is the displacement of the acoustic mode over the waveguide cross-section. For normalization purposes, we need the total power carried by each of these modes:
whereẑ is the unit vector along the waveguide, h (i) is the magnetic field complex amplitude of the i th optical mode and c is the stiffness tensor of the waveguide's material. The coupled amplitude equations for the optical pump sources and signals are as follows [25] : Here, ∂ z denotes the partial derivative along the waveguide. We apply a long-waveguide approximation for the acoustic envelope b:
where α = Γ B /ν b is the phonon power loss (in units of m −1 ), related to the phonon lifetime τ by α = 1/(v b τ) and related to the Brillouin line width Γ B (38GHz in the case of silicon) via the acoustic group velocity v b . For simplicity, we consider the acoustic Q-factor to be 1000 in this calculation [21] . Due to energy conservation [25] and the fact that the pump and signal modes are taken identical, all optical and mechanical coupling constants Q i are identical up to complex conjugation. Their value is the overlap integral between the optical force density f and the displacement field of the acoustic mode:
where the optical force field comprises contributions from pure body forces and boundary pressure terms: f = f (body) + f (boundary) . The derivation of the body forces, boundary pressure and Q 1 , Q 2 , etc. can be found in [25] . For the former, we assume the divergence
of the phase-matched part of the electrostrictive stress tensor, which in turn can be conveniently expressed in Voigt notation:
Analogously, the boundary force generated by radiation pressure is computed from f
is the phase-matched component of the Maxwell stress tensor: where μ 0 is the magnetic permittivity of free space, ε r is the relative electric permittivity, and δ i j is the Kronecker delta. From these expressions, the SBS gain in the waveguide (in units of
This expression provides the basis for comparison of mode conversion efficiency under various conditions in the following.
Mode conversion in a suspended silicon waveguide
In this section we investigate the process of mode conversion in a high contrast material, using a suspended silicon waveguide as a specific example. We first consider the geometry shown in Fig. 2(a) , that is, a suspended silicon waveguide with a rectangular cross-section of 350×300 nm. We assume isotropic mechanical and electromagnetic properties for silicon, with Young's modulus E = 170 × 10 9 Pa, Poisson's ratio ν = 0.28, density ρ = 2329 kg/m 3 , and refractive index n = 3. We first consider mode conversion between two cross polarized optical modes. To compute all optical and acoustic fields in this structure we use the commercial finite element software COMSOL. The computational domain for the optical modes is defined as a square of 3 μm × 3 μm, with perfectly conducting electric boundary conditions defined on the edge of the domain, and with a maximum mesh size of 60 nm. Figures 2(b) and (c) illustrate two differently polarized electric fields taken as the two optical pumps. The optical forces due to these two differently polarized optical pumps were calculated by Eqs. (10-12) and are shown in Fig. 3(a) . The green and blue arrows indicate the force distribution for the electrostriction body force and for the radiation pressure respectively. It can be seen that the overall force distribution results in a shear strain of the waveguide structure.
The calculated acoustic dispersion curves of this structure are shown in Fig. 4 . This information is needed in order to determine which acoustic modes are phase matched to the optical fields. In addition, each acoustic mode possesses a different symmetry so that it may or may not be excited by the optical force distribution. The appropriate symmetry for coupling to the force distribution shown in Fig. 3(a) is a torsional-type mode, see Fig. 4 . Calculated acoustic dispersion curves for the 350 × 300 nm suspended silicon waveguide. The red line corresponds to interaction between differently polarized optical pumps that excites quasi-torsional acoustic mode redwhich is phase-matched based on the beat between the two optical modes at the beat frequency Ω = ω (2) −ω (1) with propagation constant q = β (2) − β (1) .
in Fig. 4 ; in an experiment this mode would be brought into resonance by adjusting the frequency spacing between the two optical pumps. Given the difference in propagation constant between the two (differently-polarized) pumps in this particular waveguide, the acoustic mode must have a propagation constant q = 9.7 × 10 5 m −1 , which leads (from Fig. 4 ) to an acoustic frequency Ω/2π = 750 MHz. The SBS gain calculated by Eq. (13) is 1.65 × 10 4 m −1 W −1 , which is high relative to the gain in both fibers and on-chip devices [29] , since both forces due to electrostriction and radiation pressure induced on the boundary have the correct symmetry.
The acoustic field generated by two optical pumps drives mode conversion between the xand y-polarized optical modes at different frequencies. To qualitatively characterize the amount of conversion that occurs over a given waveguide length, we integrate the coupled mode equations Eq. (7) and (8) along the waveguide to see the evolution of all optical and acoustic fields. We first consider the situation where the electrostriction body force co-exists with radiation pressure, leading to a transition driven by the photoelastic effect and waveguide-boundary motion. Figure 5(a) illustrates the results of conversion for a total pump power of 1 W, which is close to the maximum likely power that the waveguide can support without damage. Here we can see that almost all the power from signal mode 1 (shown by the red solid line) is transferred to signal mode 2 (blue solid line). The mode conversion in dB is given by I (dB) = 10 log 10
where z max is the length of the waveguide and P i = |a (i) | 2 P i is the power carried by the i th mode. For this configuration we find that the length of waveguide needed for 20 dB mode conversion can be calculated from Eq. (14), and is equal to 740 μm. Figure 5 (b) shows mode conversion for the same waveguide and input pumps, but considering SBS due to electrostriction only-that is, the effects of radiation pressure and waveguide boundary motion are neglected. It can be seen that a 20 dB signal conversion requires a much longer length of 7.4 mm, or 10 times longer than when radiation pressure effects are taken into account. This is partly due to the increased SBS gain due to radiation pressure: the gain in the electrostriction-only case is 1.66 × 10 3 m −1 W −1 , or ∼ 10 times smaller than in the case when the radiation pressure is taken into account. The gain in the case where we just consider the radiation pressure only is 7.7 × 10 3 m −1 W −1 or ∼ 5 times larger than in the case when electrostriction-only is considered. We discuss next the effects of other nonlinearities, and especially of nonlinear losses. Silicon has large nonlinear absorption, including two-photon absorption (TPA) which generates free carriers. Free carriers lead to free-carrier absorption (FCA) as well as free-carrier dispersion (FCD) [30] . The optical loss due to TPA can be calculated by α TPA = β TPA P 0 A eff where, β TPA ≈ 5 × 10 −12 m/W [31] which results in α TPA = 22 m −1 with an initial pump power of P 0 = 1W and A eff = 0.22 μm 2 . This level of loss will reduce the total pump power by 2% over a 1 mm length of the waveguide and so this can be neglected. However, as TPA generates free carriers, this may have a significant effect via FCA -for CW signals and for optical pulses that are longer than the carrier lifetime, the effect of FCA can be significant even if the TPA is small, because the number of carriers can build up in the material. The TPA-induced free-carrier density N c = 3.7 × 10 24 m −3 can be calculated from
where τ = 10 ns the carrier lifetime in silicon and h is Planck's constant. The corresponding power decay parameter is α FCA = σ N c = 5.4 × 10 3 m −1 , where we have used σ = 1.45 × 10 −21 m 2 as the scattering cross section of the carriers. For high pump powers, this level of loss would result in 99% of the total pump power being lost over a 1 mm length of the waveguide if the carriers are not removed, and is therefore a serious issue. Mechanisms for sweeping out free carriers using semiconductor junctions and an applied electric field have been demonstrated as feasible in [32] , if the simpler strategy of using lower pump powers (and therefore longer waveguides) is not acceptable. It is also known that the Kerr nonlinearity can interact in a complicated manner with SBS [9]. This interaction occurs in the presence of an optical cavity, which gives rise to counterpropagating waves that can undergo four-wave mixing (FWM) with the forward-propagating pump and signals. In the situation under investigation here there is no cavity, and so such interaction is not properly phase-matched. We therefore neglect such multi-wave interactions in this analysis. The main effect of the Kerr nonlinearity will be to modulate the phase across the waveguide. The change in phase over a silicon waveguide of length 1 mm carrying 1 W of power can be computed to be Δφ = γP 0 L = 0.05 radians, with γ = 53 m −1 W −1 . This is sufficiently small that it can be neglected in our calculations.
Exploration of parameters and different waveguides
The mechanism that drives the mode transition is that the acoustic mode sets up a traveling grating along the length of the waveguide. This grating scatters light from mode 1 into mode 2, for which it serves both as a carrier of excess energy (via the acoustic mode frequency) and momentum (via the acoustic propagation constant). This grating consists both of a dynamic modulation of the refractive index, which occurs via the photoelastic effect, and direct physical motion of the waveguide boundaries. The grating strength can be described by a z-dependent grating coupling coefficient κ(z) (with units of m −1 ), which is given by
In Fig. 6(a) we show the grating strength κ(z), as computed from Eq. (16) for waveguide widths ranging from 250 nm to 1000 nm over a total waveguide length of 2 mm. The height of the waveguide is fixed to b = 220 nm. As in the previous computations, we have set the wavelength of one pump to λ = 1.55 μm, which results in acoustic frequencies shown in Fig. 6(b) for the different waveguide widths. Initial pump powers are chosen as 1 mW and 1 W for pump 1 and 2 respectively. For each waveguide width, we can see that the strength of the grating κ(z) has a peak that corresponds to the maximum acoustic intensity. We also see that due to the simple two-mode coupling between the pumps, κ(z) obeys a scaling law that preserves the total area under the curve.
It is useful to represent the overall strength of the grating by a single quantity: this gives an idea of the length required to obtain a given transfer of power from one mode to the other, and how the grating strength depends on geometrical parameters. Given the fixed area value of κ for the given input pump powers. The maximum value of κ occurs always where the two input optical pumps have the same value: at this point there is an equal exchange of energy between the two pumps and the acoustic field is at its largest (see Fig. 5 ).
In Fig. 7 we explore how κ max depends on the waveguide geometry. We first consider coupling between two cross polarized optical modes for varying waveguide widths and heights, starting from 230 nm and 220 nm respectively. The increment of waveguide widths and heights is equal to 20 nm, and we consider a 10 nm offset between the waveguide width and height to avoid degeneracy. Figure 7 (a) shows κ max , considering both electrostriction (photoelasticity) and radiation pressure (waveguide boundary motion). Comparing the two figures it is apparent that the inclusion of the radiation pressure effects markedly increases the coupling strength. In both cases the coupling strength increases for smaller waveguide geometries-this is to be expected because the optical intensity becomes larger. The coupling reaches a maximum for the electrostrictive effect for dimensions of around 230 nm beyond which point the electromagnetic field begins to spill out of the waveguide into the surrounding volume. We also observe symmetry of the coupling about the line of equal height and width. This arises because in coupling from an x-to a y polarized mode in the situation where both modes are at equal power there is nothing to break the equivalence between the x and y directions.
It is also possible to achieve mode conversion by interaction between the fundamental and higher order modes of the same polarization. Figure 8 (c) depicts the electrostrictive body force (green) and radiation pressure (blue) on the boundary of the waveguide for a combination of the fundamental and first order x-polarized optical modes. The SBS gain coefficient in this situation is 7.2 × 10 3 m −1 W −1 which results from an acoustic mode at frequency Ω/2π = 3.0 GHz with wavevector q = 4.9 × 10 6 m −1 .
Based on these optical forces a quasi-flexural acoustic mode is generated, shown in Fig. 8(d) . Figure 9 depicts the coupling strength κ max due to the interaction the x-polarized fundamental and first higher order modes for waveguides of differing width and height. We note that for widths below 490 nm the waveguide is not multi-moded over the whole of the wavelength range; we have therefore omitted this range of waveguide widths. Once again there is a significant increase of the coupling strength resulting from radiation pressure/boundary motion. In contrast to the cross polarized case considered in Fig. 7 , the coupling strength is no longer Because one mode is even and the other is odd, an asymmetric acoustic mode is excited. c) Force distribution of radiation pressure (blue) and electrostriction body force (green) generated by applying fundamental and first higher order optical modes. d) corresponding magnitude of the total displacement of the acoustic mode generated by the forces. The strength of the acoustic oscillation is grossly exaggerated. Fig. 9 . Coupling strength κ max , expressed as log 10 κ/m −1 resulted from coupling between x-polarized fundamental and first higher order mode: a) by considering both electrostriction and radiation pressure (together with the photoelastic effect and waveguide boundary motion) and b) considering the electrostrictive effect and photoelasticity only.
symmetric with respect to waveguide geometry; this asymmetry arises because we have chosen the x-polarized mode for all waveguide geometries. A rapid change in the coupling strength along the line when the width and height are equal comes from an anti-crossing of the acoustic mode at this point.
Conclusion
We have investigated the effects of radiation pressure and waveguide boundary motion in Stimulated Brillouin Scattering (SBS)-driven mode conversion. We find that these effects play a significant role in the photonic transition achievable for high-contrast crystalline silicon nanowire waveguides. For small waveguides the symmetry of the acoustic modes is important in determining which optical modes can be coupled using SBS.
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